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Abstract 
Let f be a continuous map of a tree X into itself. Let Q(j) denote the set of nonwandering 
points for f. In this paper we show the following two results: (1) if C?(f) is finite then Q(f) is the 
set of periodic points of f, (2) Q(f) IS contained in the closure of the set of eventually periodic 
points of f. Also we give some examples which imply that these results are not true for the case 
that X is a dendrite or a graph. 0 1997 Elsevier Science B.V. 
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1. Introduction and statement of results 
Louis Block [l] has dealt with an analysis of the set of nonwandering points and peri- 
odic points of continuous maps of a compact interval into itself, in which the following 
two results have been shown for a continuous map f of a compact interval into itself: 
( I) if L?(f) is finite then L?(f) is the set of periodic points of f, 
(2) Q(f) is contained in the closure of the set EP(f) of eventually periodic points 
of .f. 
Our aim in this paper is to prove that these results on a compact interval are true 
for continuous maps of a tree into itself. The strategy of the proofs essentially comes 
from that of Block [l]. But we remark that one will meet some difficulties to cope with 
branched points of a tree. The fact that a tree has just finite branched points and contains 
no simple closed curve essentially supports the procedure of our proofs. 
Our main results are as follows: 
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Theorem 1.1. Let f be a continuous map of a tree X into itself If Q(f) is$nite, then 
Q(f) is the set of periodic points of f. 
Theorem 1.2. Let f be a continuous map of a tree X into itself Then n(f) is contained 
in the closure of the set EP(f) f o eventually periodic points of f. 
The following examples imply that Theorems 1.1 and 1.2 are the best possible in the 
one-dimensional case because these are not true for graphs and dendrites. 
Example 1.3 (Block [l]). There is a continuous map g of a graph G, for which Q(g) is 
finite, but Q(g) is not the set of periodic points of g. 
Example 1.4. For an irrational rotation y of a circle 5” onto itself, 0(y) = S’ but 
EP(y) = 4. In particular, 0(y) $ EP(y). 
Example 1.5. There is a continuous map gi of a dendrite Xi, for which fl(gi) is finite, 
but n(gt) is not the set of periodic points of gt. 
Example 1.6. There is a continuous map g2 of a dendrite X2, for which 6’(g2) < 
EP(g2). 
A major portion of this paper is devoted to proving Theorem 1.1. We remark that since 
f(n(f)) c Q(f), it follows that if n(f) is finite then the orbit of z is finite for any 
point z E n(f). Th is implies that z is eventually periodic but does not always imply that 
J: is periodic. In proving Theorem 1.1, we show that this cannot happen in case fl( f) is 
finite. 
2. Preliminary definitions and results 
Let X be a compact metric space and f denote a continuous map of X into itself. 
We denote the n-fold composition of f with itself by f 71 = f o . . . o f. Let f” denote 
the identity map. For any 5 E X we define the orbit of x by orb(z) = {f”(x): 71 = 
0, 1,2,3,. . .}. A point 2 E X is aperiodicpoint ofperiod n 2 1 for f if fn(x) = x. The 
least positive integer n for which f 7L (x) = x is called the prime period of 2. Especially, 
x E X is a fixed points for f if n = 1. A point x E X is an eventually periodic point 
of period n for f if there exists m > 0 such that f n+i(x) = f’(x) for all i b m. That 
is, f’(x) is a periodic point of period n for i > m. A point IC E X is a nonwandering 
point for f if for any open set U containing x there exist y E U and n > 0 such that 
fn(Y) E lJ. 
We denote the set of fixed points for f, periodic points for f, eventually periodic points 
for f, and nonwandering points for f by F(f), P(f), EP(f) and Q(f), respectively. 
2 denotes the closure of a set A. 
Notice that P(f) c Q(f ), P(f 1 c EP(f ). f (P(f )) c P(f ), f (fl(f )> c a(f) and 
n(f) is closed. 
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An arc is any space which is homeomorphic to the closed interval [0, 11. A continuum 
is a nonempty, compact and connected metric space. A graph is a continuum which can 
be written as the union of finitely many arcs any two of which are either disjoint or 
intersect only in one or both of their end points. From now on. X denotes a tree by 
which we mean a graph which contains no simple closed curve. A dendrite is a locally 
connected continuum which contains no simple closed curve (for these definitions see 
[5,7]). A point z E X is a branched point of X if for any neighborhood V of z there is 
a neighborhood U of z such that U c V and U is homeomorphic to (2 E CT: zk E [0, 11) 
for some k > 3, where (1: is the set of complex numbers. Let B = (61, bz, . . 1 b,} be 
the set of branched points of X. For x E X \ B, there exists an open neighborhood V 
of z such that V is homeomorphic to (O? 1) or (0, 11. In the latter case we say that x is 
an end point qf X. 
Let X \ B = Uyz, I,, where each 1, is a component of X \ B. 
Definition 2.1. Let X be a tree. For every pair T, y E X, let [.a~; y] denote the unique 
arc connecting z and y, and (2; y) = [z; y] \ (2, y}. 
Now we need some basic results concerning a continuous map of a tree into itself as 
follows: 
Lemma 2.2 (Ye [7]). Let X be a tree and f a continuous map of X into itsev If 
bY1 c fkYl)f or some z. y E X and (2; y) n B = q!~ then F(f) n [x; y] # 4. 
Lemma 2.3 (Ye [7]). Let X be a tree and f a continuous map of X into itself and 
X\ B = u;Ll Ii. If an open interval J c Ij for some 1 < j < no satisjes JnP( f) = 4, 
then 
J n f” (J n L?(f)) = q!~ for any positive integer 7~. 
Let f be a continuous map of a tree X into itself. For any 5 E X, put 
x \ {Z} = X,(l) u X,(2) u ‘. u X,(m) 
for some m > 0, where each X,(i) is a component of X \ {z}. Note that if m > 2 then 
z is a cut point. Let V be any neighborhood of z. For 1 < i < m, set V,(i) = V n X2 (i). 
We note that throughout this section “a neighborhood V,(i) of t in X,(i)” means such 
a subset of a neighborhood V of z. The unstable manifolds u’“(p, f) for some periodic 
point p and lV”(p, f, X,(i)) f or some fixed point p are as follows: 
lV”(p, f) = {Z E x 1 f or any neighborhood V of p, T E f” (V) for some n > O}. 
WU(p, f, X,(i)) = { 5 E x / f or any neighborhood V,(i) of p, 2 E f” (V,(i)) 
for some n > O}. 
Next we will prove some basic results concerning with lie’” (p, f) and IV” (p, f, X,(i)). 
It will be useful to analyze dynamical systems on a tree in the most of the proofs in this 
section. 
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Lemma 2.4. Let f be a continuous map of a tree X into itselJ: If p is a jixed point of 
f, then WU(p, f) is connected. 
Proof. Let b E W”(p, f) and z E [b; p]. For any neighborhood V of p, there exists 
12 > 0 such that b E fn(V). By the locally connectedness of X we may assume that V 
is connected. Since X is a tree, z E fn(V). Hence z E W‘(p, f). 0 
In general, for any map f : X + X of a compact metric space X, put 
W(p.f) = {I E x ) f or any neighborhood V of p, z E f”(V) for some n > O}. 
Lemma 2.5. Let f be a continuous map of a compact metric space into itself and 
{PI, ~2, . . ,pLL} be a periodic orbit off. Then 
W”(p,,f) = w”(pl,fn) u-uv”(p,,f~). 
Proof. By renumbering we may assume that f (pi) = pi+1 for i = 1, . . , n - 1 and 
f (p,) = pl. First we show that 
IvL(p,.f) c w”(p,,fn) u-uIv(p,.,fn). 
Suppose that z E IT-"(pt , f) and 
Foreachi= l,... ,72, there exists a neighborhood I4 of pi such that z $! Uz=-, f”“(K). 
LetT/lil=~,andF~‘janeighborhoodofplwithfj-’(W3)cV3foreachj=2,...,n. 
Let~~=I~In...nI/li,.Foranym>Owecanputm=ni+rforsomei30 
and 0 < 1’ < 71. Since f’(Wo) c VT+,, fni+‘(Wo) c f”i(Vr+,). Since z q! fni(Vr+l), 
z $ f”“+“(r/r,h). Hence z $ uz=, fm(Wo). This contradicts z E W”(pt, f). 
Conversely we show that 
W”(P, f) 3 Wt’” (P* 1 f”) u . . . u W” (pn, f”). 
LetzEW”(p~..fn)forsomek=l,... , n. Let V be any neighborhood of pl . If k = 1, 
let N = V. If X: > 1, let N be a neighborhood of ph such that fn-lc+’ (N) c V. Since 
z E II’“(pk* f”), .z E f mn (IV) for some m > 0. Hence z E f T (V), where T = mn if 
Ic=l,r=~/n71-(7~-_+l)ifIC>l.ThuszEW”(p,,f). 0 
Lemma 2.6. Let f be a continuous map of a tree X into itself and p a periodic point 
off and J = tl’“(p, f). Then f(J) = J. 
Proof. First we show f(J) c J. Let z E J. Then for any neighborhood W of p, 
2 E f”(Li;) for some m > 0. Hence f(x) E f”+‘(W). Thus f(z) E J and hence 
f(J) c J. 
Now we show that f(J) > J. Suppose z E J \ f(J) and n is the period of p. By 
Lemma 2.5 , P E W”(PO, f”) for some pa E orb(p). Let K = W”(p~, f”). Note that K 
is connected. 
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Suppose that pa E Int K. Then there exists some m > 0 such that z E f”“(K). Note 
that f’(J) c J for any r > 0 since f(J) C J and K c J. Hence 
f”“(K) c f”“(J) = f(f’““_‘(.I)) c f(J). 
Thus 3 E f(J). This is a contradiction. 
Next suppose that K is not a neighborhood of ~0. Let X \ {pa} = X,, ( 1) U. . . U X,, (k) 
for some k > 0. Then we may assume that t E X,,(l), K n X,,,(Z) # q5 for any 
1 6 I 6 i and K n X,,(1) = q for any i + 1 < 1 < k. Note that z q! U,“=, f”“(K) 
since f”“(K) c f(J) f or any m > 0. and that Uz=, f”“(K) c K since f”(K) c K. 
For each i + 1 6 1 $ k, we can choose cl E X,,(I) with (cl;pa) n B = 4 (B is the 
set of branched points of X) such that, for any z E [cl;pc], fn([z;po]) n {z} = C#I and 
f”([r;pO]) n (X,,(l)u~~~x&)) c A7 
because of the continuity of f and fn(pa) = pc # z. Since cl +! K, there exists a 
neighborhood ?J of pc such that cl $ U,“‘, f”“( Ul). We may assume that 
Ur n (Xpo( 1) u . . . u X,,(,i) ) c K 
and 2 $ Ul. Let U = nFzj+, Ul, then U is a neighborhood of no, cl $ Uz=, f”“(U) 
for any i + 1 < 1 < k, 
Un(X,,,(l)u~~~uX,,,(i)) cK 
and z $ U. Since X is locally connected, we may assume that U is connected. 
For a connected subset A of X containing ~0, we define a condition (*) as follows: 
1 
(a) cr $ fi f”“(A) for any i + 1 6 1 < k; 
m=O 
(b) An (X,,(~)U~JJX&)) c K; 
(c) z $ A. 
(*) 
We remark that if A satisfies (*) then f”(A) al so satisfies (*). We can make sure this 
by the following observation. Clearly cl q! Uz=, f”“(f”(A)) by (a). Write A by 
A= {An(X,,,(l)U... UX,,(,i))}U{An(X,,(i+l)~...uX,,(lc))}. 
By (a) and the choice of cl we have 
2 4 fn(An (X,,,(i+ l)u~~X,,(Ic))) 
and 
f”(An(XP,(i+l)u~~~uX,,(Ic)))n(XP,(l)u..~~XP,(i)) c K. 
By (b) (since z $! lJz=, fm”(K) and lJ,“zof”“(K) c K) 
2 $ Y(An (Xpo(W-~~Xp,(4)) 
and 
f”(An(X,,(l)u...ux,,,(i)))n(X,,,(l)u...uX,,(i)) c K. 
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Hence fn(A) also satisfies (*). 
Since U satisfies (x), by induction we can easily have +z # /Jz=, f”“(U). This 
contradicts .z E K = I/tr”(po, f71). 0 
Lemma 2.7. Let f be a continuous map of a tree X into itself and p a periodic point 
off. Let J = W”(p, f) and 7 denote the closure of J. Then any element of 3 \ J is 
periodic. 
Proof. Let IC E 7 \ J. By Lemma 2.6 and the compactness of 2, f(J) = 7. So z 
has an inverse image y E f-‘(z) in 7. Since f(J) = J, y $ J. Hence y E 7 \ J. 
Thus f(y) = z E f(J \ J), so 7 \ J c f(T \ J). From Lemmas 2.4 and 2.5, J is the 
union of finite connected sets. Since X is a tree, 7 \ J is finite. Hence f maps 3 \ J 
homeomorphically onto itself. This implies that every point in 7 \ J is periodic. q 
Lemma 2.8. Let f be a continuous map of a tree X into itself arid p a jixed point 
off. Let .r E W”(p, f) and X \ {p} = X,(l) U . . . U Xp(m) for some m > 0. 
Suppose f has jinitely many periodic points. If IC E XP(j) for some 1 < j < m, then 
5 E W”(p, f, X,(j)). 
Proof. We may assume j = 1. Suppose, on the contrary, that 
2 $ W”(p, f,X,(i)) for 1 6 i < k, 
zE W”(p, f,X,(i)) for Ic+ 1 <i 6 m. 
Let Xl = X,(l) U...UX,(k) and X2 = Xp(lc+ 1) U...UX,(m). Then f-‘(Xl) n 
X2 # 4, otherwise contradicting IL E TV(p, f. X,(i)) for k + 1 6 i < m. Since 
z 4 W”(p, f>XP(i)) for 1 < i < lo, there exists a neighborhood U of p such that - 
z $I! lJ,“==, f” (U f’1X1). Furthermore there exists a connected neighborhood V of p such 
that V c U and f(V) c U. We may assume that (V \ {p}) n B = 4. 
Since .z E T/c’“@, f, X,(i)) for k + 1 < % < m, there exists yi E V n X,(i) such that 
fnz(yi) = 2 for some 72, > 0. Note that yi 6 f-‘(x) by Ihe choice of U. 
ForeachIc+1~i~m,picktheclosestpointsy~1’,y~”,...,y,(S”~f-’(~)nX,(i) 
(si > 0) to yi such that yi E [yj”;p] for 1 < 1 < si. Then for all Ic + 1 6 i < ‘rn and 
I < 1 < si we may replace yj’)“s with yc’),~(~), . , y(“) (s = c,“=,+, Si). Then 
f(y(‘)) = p for each 1 6 1 < s. 
Let al E (y(l);p) with (y(l); nl) n B = 4. Since f has finitely many periodic points 
we may assume that [y(l) ; al] has no periodic points. Put [y(l); Q] = Al for 1 < 1 < s. 
Then there exists X: + 1 6 io < m such that f(Al) 3 [p; b] for some b E _ri,(i”) n V. 
Since (7: E lP(p, f, X,(i)) for k + 1 < i < m, for each I there exists Ml > 0 such that 
f *‘l ([p; b]) 3 2. Choose a point z E (p, b) such that f “I (2) = r. Then we can choose 
0 < IVY < Ml such that fNl (2) E X2 and fN1+’ (z) E X1. Note that f N1 (5) $ V because 
of the choices of U and V. Therefore there is 1 < lo < s such that y(‘“) E b, f Nl (=)I. 
Then f Nt (b; b]) 3 Al, and hence fivi+’ (Al) I Al,. Since s is finite, there exists II with 
I < II < s such that Al, c f’(Al,) for some X: > 0. By Lemma 2.2. it follows that 
Al, n P(f) # 4. m’ IS contradicts the choice of al,. 0 
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Lemma 2.9. Let f be a continuous map of a tree X into itself and p a fixed point off. 
Suppose f has finitely many periodic points. If x E W”(p, f) and f(x) = p, then s = p. 
Proof. Suppose that IC E I/t’%(p, f), f(x) = p and 5 # p. Let 
x \ {p} = X,( 1) u . . . u X,(m) 
for some m > 0. Without loss of generality we may assume that z E X,( 1). By Lemma 
2.8, x E WU(p, f, X,( 1)). This implies that f ([p; CT]) # p. Put 
A = {Y E (pi4 I f(y) = P}. 
This set is nonempty by II: E A. Pick the closest point .z E A to p, then f (2) = p and 
z E [p;z]. Note that z E IV”(p, f,X,(l)) since IC E IV(p,f,X,(l)). 
(1) Suppose that p # z. By the choice of z f (lp; z]) c X,(ia) for some 1 6 ia < 
m. Let a E (p; z] with (a; z) n B = 4. Then we have f ([a; z]) > [p; b] for some 
b E X,(ie). Since f is continuous there exists a neighborhood U,( 1) of p in X,( 1) 
such that f (U,(l)) c b;b]. Since z E Lf”(p, f, X,( 1)) there exists n > 0 such that 
z E f”(U,(l)). It follows that f”-‘(b;b]) 3 z. Hence 
f”([wl) 3 fqp;bl) 3 Ip;z] 3 [a;21 
By Lemma 2.2 [a; z] has a periodic point. Since a E (p; z] is an arbitrary point f has 
infinitely many periodic points, a contradiction. 
(2) Suppose that there exists {a,}:=, c A such that a, -+ p (n --+ 00). Since f 
has finitely many periodic points and X has finitely many branched points, there exists 
a connected neighborhood U,(l) of p in X,( 1) such that U,( 1) n P(f) = {p} and 
(U,( 1) \ {p}) n B = 4. From 1~: E IV”(p, f, XP( 1)) there exists y E U,( 1) with y $ A 
such that f “(;u) = x for some R > 0. Pick the closest point q E A to y such that 
q E (P;Y). From f”(y) = z and f(q) = P, we have f”([q;y]) I Ip;z] I [q;y]. Then 
there is a periodic point in [q; y]. This contradicts the choice of U,( 1). 0 
Lemma 2.10. Let f be a continuous map of a tree X into itself and suppose f has 
finitely many periodic points. Let (~1~ . . . , p,} be a periodic orbit of period n. If pi and 
pj are distinct elements of (~1, . . , p,}, then pj 6 W”(pi, f “). 
Proof. Suppose that pi and p3 are distinct points of {pi, . . . , p,} with pj E U’“(p,, f “). 
We claim that W”(pk, f “) contains an element of {pi, . . , p,} \ {pk} for each Ic = 
1, . . , R. To prove this, let V be any neighborhood of pk. Let T be the smallest positive 
integer with f ‘(pi) = pk. By the continuity of f there exists a neighborhood W of pi 
such that f’(W) C V. Whereas since pj E lP(pi, f”), p, E f”“(W) for some n > 0. 
Hence 
fYPj) E f’(f”“(W) c f”“(f’W) c f”“(V). 
Since V is arbitrary, fr(pj) E WU(pk, f”). From fr(pi) # fr(p3) and fr(p,) = pk, 
fT (pj) # pk. This shows that our claim is true. 
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NOW suppose that for some pair of pn,, pn, E O’b(Pl) (Pn, f Pn,), Pn, E W%n,, P) 
and P,, E W”(p,,, f”). For the simplicity put pn, = pl, p,, = p2 and 
for some u, u > 0. BY Lemma 2.8, p2 E W”(pl, fn, X,,(l)), pl E WU(p2, f”, x,,(l)). 
Since [PI ; ~21 C W”(pz, f”) f or i = 1,2, it follows from Lemma 2.9, that fn(z) # pi 
for any 2 E (pt;p2) and i = 1,2. 
Sincep2 E w%t,fn,Xp,(l)),p~ E WU(p2,f7L,Xp2(1)), fn(pl) =pl andf”(p2) = 
P2, we can see fen(pl) fl X,, (1) # 4 and f-“(~2) n X,, (1) # 4. Pick the closest points 
Zl,Z2,. .‘, zsEf-n(pl)nXp,(1)top2.Letal~(p2;~1)with(al;zl)nB=~foreach 
1 G 1 < S. Thus for each 1 < 1 6 s, f”([al;zl]) > [pl;bl] for some bl E (pl;p2), Since 
PZ E W”(PI, S”,&,(l)), there exists ml > 0 such that f”l”(lpl;bl]) 3 jp,;p2]. Pick 
anypointq E (mip2). SincepI E wU(p2,f”,X,,(1)), f”‘“((q;p2]) I [1)1;p2] forsome 
m2 > 0. Hence there exits 0 < ms < m2 such that f”‘“(q;p2) 1 [p2; zll] for SOme 
1 6 1’ < s. Then 
f(ml+ms+‘)n([al; Z[]) = f”‘“(f”‘“(f”@; Zl]))) 
..YQ,‘,(,&,)) 3 rqq;p2]) 3 [al&w]. 
Since Z’s are finite, we can choose al,, for some 1 6 la 6 s such that fkn( [al,; z~,]) 1 
[al,; zl,,] for some k > 0. Since al E (~2; zl) is an arbitrary point f has infinitely many 
periodic points, a contradiction. 
Next suppose that for some subset {p,,, . . ,p,,) c {p,, . . _ ,pn) with k > 2, 
Pw E W” (P7L, 3 f”) > Pw E WU(Pw Y>, . . . , P,, E WU(Pn,-, , f”), 
PI g WU(P7L!z). 
For the simplicity, also put p,, = pl, . . . , p,, = pk. Then we can assume that [pi+1 ;pi] c 
X,%(l) for1 6i G k-L.ByLemma2.8,p,+t ~W”(p~,f~,X~,(l)) for 1 <i<k-1. 
Suppose that for some 1 < kl < k, pl , . , pk, are the end points of some subtree of X 
(see Fig. 1). Then we show pk, E W"(pI , f”). For each 1 < i < kl let U,, (1) in Xni (1) 
be any neighborhood of pi. Then we may assume U,% (1) c [pi_, ;pi] n bi; pi+11 for 
1 <i < kt. Sincepi+l E WU(pi,fn,Xp,(l)) for 1 <i < kl, [pi;pi+J c f”l”(U,i(l)) 
for some m2. > 0. Thus there exist Z&,-I E Up,,_, (I), Xk,__? E U,,,_,(l), . . . and 
21 E u,,(l) such that pk, = f”kl-172(~k,-~), xk,_l = fm+2n(Zkl__2),... and x2 = 
fmtn(2t). Hence f(“‘+. ‘+mkl-l)n(xt) = pk,, i.e., pk, E W”(pl, f”). By using this 
technique, we can choose a subsequence 1 = k0 < k, < k2 < . . . < kt = k (t > 1) 
such that Pk, E WU(Pko,fn)> pkz E w”(Pk,, f”), . . , Pkt E WU(pkt_l, fn), PI E 
w”(Pk,, f”) and Pk,+, E (pkj ;pk,+2) for each j. It fOllOWs that pkt_, E W”(&, f”) 
and pk, E w”(pl-i, f”), this contradicts our previous claim. D 
Lemma 2.11. Let f be a continuous map of a tree X into itself and suppose Q(f) is 
finite. Let x E n(f) and suppose x is not periodic. Then for some periodic point p off, 
there exists z E W” (p, f) such that f(z) = p and z is not periodic. 
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Fig. 1. A subtree containing periodic points on its end points. 
Proof. 5 E L?(f) implies that fm(z) E 6?(f) f or any positive integer m. Since Q(f) 
is finite, II: is an eventually periodic point. Hence there exists .z E orb(z) such that 
f(z) = p for some periodic point p, but z is not a periodic point. Note that z E n(f) 
since z E orb(z). 
Finally we will show that t E W” (p, f). But by Lemma 2.7, z E WU(p, f) implies 
that z E WU(p, f). Suppose that t q! WU(p, f). There exists a connected neighborhood 
U of z such that u n bV‘(p, f) = 4. For each ai E ?? \ U there exists a neighborhood 
N,% of p such that ai q! f”(N,%) for any m > 0. Let N = n,,,,,, N,%, then N is a 
neighborhood of p and fm(N) n (?? \ U) = C#I f or any m > 0. Since we may assume 
that f”(N) is connected, for each m > 0 either f”(N) C U or fm(N) n ?? = 4. 
But the former is a contradiction because it means U n orb(p) # 4. By choosing N 
smaller (if necessary), we can have N n U = 4. Let V be a neighborhood of z such that 
V c U and f(V) c N. Then f”(V) n V = C#J for any m > 0. This contradicts the fact 
z E Q(f). 0 
3. Proofs 
Proof of Theorem 1.1. Suppose CIJ E n(f) and II: 4 p(f). By Lemma 2.11, there exists 
a periodic point pt and z E W”(pt , f) such that f(z) = pl and z is not a periodic point. 
Let 12 be the period of pt and {pt , . . . , p,} the orbit of pt. From Lemma 2.5, there exists 
pkE{pt,...,p,}suchthatzEW”(pk,fn). 
By Lemma 2.6, fn(z) E WU(pk, f”). Since f”(z) E {PI,. . . ,p,}, fn(z) = pk by 
Lemma 2.10. Since n(f) is finite, f” has only finitely many periodic points. These 
by Lemma 2.9. This is a contradiction, because z is not a periodic 
1.2. Suppose that Q(f) $ EP(P), that is, for v = x \ -W(f), 
facts imply z = pk 
point. Cl 
Proof of Theorem 
v n W) f 4. 
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Let z E V n L’(f) and W the component of V with II: E IV. Since V is open, IV is a 
neighborhood of 5. Since 2 E 0(f), th ere exists n > 0 such that f”(w) rY W # $. Put 
f”=g and T= figi( 
i=o 
Then T is a connected subset of X containing 2, i.e., T is a subtree of X with x E T. 
We can easily see T n El’(f) = $ and g(T) c T. By the continuity of f, we have 
g(T) c T. 
Consider the orbit {gi(x)},“,o of x forg, then {gi(~)},oO=o c T. Note that gi(x) # gj(x) 
for any i,j > 0 with i # j because x +z! EP(f) and that {gi(x)}~o c L?(f) since 
f(Q(f)) c n(f). S’ mce the set of branched points of T and ?! \ T is finite, there exists 
Ic > 0 such that gi(x) $ (T f’ B) U (T \ T) for any i 3 k. Let 
r\((T’“B)“(F,T))=ijl, 
s=l 
for some t > 0, where each 1, is a component of T \ ((T n B) U (T \ T)). So there exist 
ii, iz 2 0 with ii < i2 such that gil(x),giz(x) E Is,, for some 1 6 SO < t. 
Put gil (z) = y, then y, f (iz-il)n(y) E Is0. Since Is,, n p(f) = 4 and y E Is, n Q(f), 
this is a contradiction by Lemma 2.3. 0 
4. Examples 
The following examples considered on a graph or a dendrite (= a locally connected 
continuum containing no simple closed curve) show that Theorems 1.1 and 1.2 are the 
best possible in one-dimensional case. Note that a continuum X is a tree if and only if 
X is a dendrite and the set of branched points of X is finite. 
Example 1.3 (Block [l]). There is a continuous map g of a graph G, for which 6’(g) is 
finite, but 0(g) is not the set of periodic points of g. 
Example 1.4. For an irrational rotation y of a circle 5” onto itself, R(y) = S’ but 
EP(y) = 4. In particular, R(y) @ EP(y). 
Example 1.5. There is a continuous map gi of a dendrite Xi, for which n(gi) is finite, 
but 6’(gi) is not the set of periodic points of 91. 
Proof. Consider the set Xi of the union of infinitely many segments as pictured in Fig. 2. 
Let d be an arc-length metric on Xi. 
In Fig. 2, {a,}r?, and {aL},“,i (respectively {b,}F=i and {bb},“=,) denote the 
sequences converging to a (respectively b). Note that ai and bi are the end points of Xi, 
ui and bi are the branched points of Xi for each i > 1 and that we put p = e{ = b’,. 
Clearly Xi is a dendrite which contains the two sequences {a,}~=, and {bn}rzi as the 
set of end points. 
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Fig. 2. A dendrite with the finite nonwandering set containing a nonperiodic point. 
Now we will construct a continuous map g, of X, into itself with the following 
properties: 
ti) g, has exactly two fixed points p and b, i.e., P(g, ) = {p, b}. 
(ii) g,(u) = b and g, maps each interval [cL~; ai] homeomorphically onto [hi; bl] with 
g,(a,) -= bi for each i 3 1. 
(iii) g, maps the interval [a:+,; a’,] homeomorphically onto [b:,,; bj for ,i 3 1. 
(iv) g, maps the interval [bi; bi] homeomorphically onto [bi-,: b:_,] with gl (bi) = b,_, 
for each i 2 2, and [b,; b’,] homeomorphically onto [a;@ with g, (b,) = a. 
(v) g, maps the interval [b:,,; bi] homeomorphically onto [b:; b:_,] for i > 2, and 
g,([b;; b’,]) = p. 
(vi) For each .r E (bL; b:) with i 3 1, d(p,s) > d(p,g,(s)). 
Thus it is easy to see that Q(g,) = {u, b,p}, but n is not a periodic point for gl. 0 
Example 1.6. There is a continuous map g2 of a dendrite X2, for which J?(g,) q‘ 
EP(gz). 
Proof. Let X2 be an infinite binary tree (see [2, p. 121) with the top p such that the root 
of X;, corresponds to a Cantor set C as pictured in Fig. 3. Then X2 is a typical dendrite 
(for the precise or general construction, see [3] and [4]). Let d be an arc-length metric d 
on X-2. 
Then there is a homeomorphism h : C - c’ such that R(h) = C and P(h) = 4. 
Such a homeomorphism is constructed as follows: for each n 3 1, let h, : (0, l}” - 
(0. 1 }” be the cyclic permutation given by h, (a,. a~, . . . a,,) = (b, , b2, . . , b,), where 
b, = ~1, + 1 (mod 2). for 2 6 i 6 II, bi = ai + 1 (mod2) if U__I = 1 and bi_, = 0, 
and b, = a, otherwise. Let h : C - C be given by /~(a,,nz,. . .) = (b,, bz.. .), where 
(b,,b2 . . . . ,b,) = h.n(u,,a2 . . . . . CL,) for all n > 1. Then h is called the bina~ udding 
machine. Note that if .r E C, then the orbit {hn(.c) / n = 0, 1,2,3, . .} is dense in C. 
In particular, R(h.) = C and P(h) = 4. Since X2 is a l-dimensional compact absolute 
retract (note that any dendrite is a l-dimensional compact absolute retract), there is 
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Fig. 3. A dendrite with fl(g,) < EP(g2). 
an extension 91: X2 --f X2 of h: C --f C. By modifying gi somewhat, we can have 
g2 : X2 -+ X2 with the following properties (for the precise construction, see [3]): 
(1) g2 has exactly one fixed point p, i.e., P(g2) = {p}. 
(2) sz-‘(P) = {P>. 
(3) g2p = h. 
(4) For each z E X2 \ C U {p}, d(p, z) > d(p, 92(z)). It follows that EP(g2) = {p} 
and G’(g,) = C U {p}. In particular, O(g2) @ EP(g2). 0 
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